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Abstract. We consider geometric hypergraphs whose vertex set is a fi-
nite set of points (e.g., in the plane), and whose hyperedges are the inter-
sections of this set with a family of geometric regions (e.g., axis-parallel
rectangles). A typical coloring problem for such geometric hypergraphs
asks, given an integer k, for the existence of an integer m = m(k), such
that every set of points can be k-colored such that every hyperedge of
size at least m contains points of different (or all k) colors.
We generalize this notion by introducing coloring of (unordered) t-tuples
of points such that every hyperedge that contains enough points contains
t-tuples of different (or all) colors. In particular, we consider all t-tuples
and t-tuples that are themselves hyperedges. The latter, with t = 2, is
equivalent to coloring the edges of the so-called Delaunay-graph.
In this paper we study colorings of Delaunay-edges with respect to half-
planes, pseudo-disks, axis-parallel and bottomless rectangles, and also
discuss colorings of t-tuples of geometric and abstract hypergraphs, and
connections between the standard coloring of vertices and coloring of
t-tuples of vertices.
Keywords: Delaunay-graph · Delaunay-edges · geometric hyperedges
1 Introduction
We consider geometric hypergraphs that we call Delaunay-hypergraphs and are
defined as follows: given a family of regions F and a set of points S, the vertex
set of the hypergraph G(S,F) is S and a subset S′ of S is a hyperedge of
G(S,F) if there exists a region F ∈ F such that S′ = S ∩F . A special case that
has attracted attention in the literature is the case in which we only consider
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hyperedges of size two, called Delaunay-edges. In this case G is the so-called
Delaunay-graph of S with respect to F . This notion generalizes the well-known
concept of Delaunay triangulation of planar point sets.
The Delaunay triangulation is of course planar. It is also known that the
Delaunay-graph is planar when it is defined with respect to a planar set of points
and a family of pseudo-disks [4]. (A family of compact regions in the plane, each
of which is bounded by a Jordan curve, is called a family of pseudo-disks if
every two boundary curves are disjoint or properly cross twice.) Moreover, the
second and third authors have recently proved that there is a plane embedding
of this graph such that every edge lies within all the pseudo-disks that contain
its endpoints [12]. Note that halfplanes, disks, or more generally, homothets1 of a
certain convex shape with a smooth2 boundary, are all families of pseudo-disks.
However, not every Delaunay-graph with respect to a planar point set is planar.
For example, it is easy to see that if F is the family of all axis-parallel rectangles,
then the Delaunay-graph may contain Kt,t as a subgraph for every integer t.
The problem of coloring the vertices of Delaunay-hypergraphs has attracted
a lot of attention. Specifically, for a Delaunay-hypergraph G and an integer k,
one wishes to determine the smallest integer m such that the vertices of G can
be colored with k colors such that every Delaunay-hyperedge of size at least m
contains vertices of different (or all k) colors. The former is known as proper, the
latter as polychromatic coloring.
In this paper we introduce a generalization of the problem of coloring the
vertices of a (geometric) hypergraph. In particular, we wish to color (unordered)
t-tuples of vertices such that every Delaunay-hyperedge with enough vertices
contains t-tuples of different colors (or all k colors). Note that when t = 1,
we get the usual (proper or polychromatic) coloring of vertices. For t ≥ 2 we
identify two interesting variants: In the first one, we color all the possible t-
tuples of vertices, whereas in the second variant we only color t-tuples that are
themselves Delaunay-hyperedges. For example, for t = 2 we have a coloring of
the Delaunay-edges.
1.1 Our contribution
In Section 2 we consider proper coloring of t-tuples that are themselves Delaunay-
hyperedges and prove the following results.
Theorem 1. Let S be a finite set of points in the plane, let F be a family of
pseudo-disks that is shrinkable with respect to S (see below). Then it is possible
to color the Delaunay-edges of S with respect to F with four colors, such that
every pseudo-disk F ∈ F that contains at least three points from S contains
Delaunay-edges of two different colors.
1The homothetic copy of a set is its scaled and translated copy (rotations are not
allowed).
2Any Delaunay-hypergraph that can be defined using the homothets of a convex
set can also be defined as the Delaunay-hypergraph of a convex set with a smooth
boundary.
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Theorem 1 is proved in Section 2.1. Roughly speaking, a family F is shrinkable
with respect to S if for every F ∈ F and a point p ∈ S∩F it holds that F contains
a hyperedge that still contains p and one less point from S and F . Note that we
do not require the F ′ ∈ F defining this new hyperedge to be a subset of F . For
example, disks are shrinkable with respect to any finite point set, but unit disks
are not. Theorem 1 also holds whenever F is a family of homothets of a compact
convex set C and S is in general position with respect to C. However, we can
get better results in terms of the number of colors for two specific families.
Theorem 2. Let S be a finite set of points in the plane and let F be the family
of halfplanes. Then the Delaunay-edges of S with respect to F can be 2-colored
such that every halfplane that contains at least three Delaunay-edges contains
two differently colored edges. This statement is false if we replace three with two.
Theorem 2 is proved in Section 2.2.
We remark that a halfplane may contain an arbitrary number of points from
S while containing only one Delaunay-edge; this is why we consider halfplanes
that contain enough Delaunay-edges instead of halfplanes that contain enough
points.
Theorem 3. Let S be a finite set of points in the plane and let F be the family
of bottomless rectangles. Then the Delaunay-edges of S with respect to F can be
2-colored such that every bottomless rectangle that contains at least four points
from S contains two differently colored edges. This statement is false if we replace
four with three.
Theorem 3 is proved in Section 2.3.
We also consider coloring Delaunay-edges with respect to axis-parallel rect-
angles. However, in this case we only managed to show that by using O(log n)
colors one can guarantee that every rectangle that contains at least three points
from S contains two differently colored Delaunay-edges (proved in Section 2.4).
We leave it as an open problem whether constantly many colors also suffice.
Considering coloring of all t-tuples of vertices of a hypergraph, we first study
in Section 3 the case of abstract hypergraphs (that is, which are not necessarily
defined by geometric means). In particular, we prove some results about how
polychromatic colorability of t-tuples implies polychromatic colorability of t′-
tuples, for t′ > t. Note that it is an open problem whether 2-colorability of
vertices implies polychromatic k-colorability of vertices, for k > 2, see [19].
Finally, in Section 4 we consider colorings of all t-tuples of vertices of a
hypergraph defined by a point set and a family of geometric regions. Given a
finite family of halfspaces H = {H1, . . . ,Hh} we call a region R an H-region
if it is the intersection of finitely many halfspaces, such that each of them is
a translate of one of the halfspaces in H. Our main result about coloring all
t-tuples is the following.
Theorem 4. For every dimension d and integers t ≥ 2, k ≥ 1, h ≥ 1 there
exists an integer m = m(t, k, h) with the following property: given a finite family
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of h halfspaces H in Rd, the t-tuples of every finite set of points S in Rd can
be k-colored such that every H-region that contains at least m points from S
contains a t-tuple of points of each of the k colors.
As a corollary, similar results hold for d-dimensional axis-parallel boxes and
homothets of a d-dimensional convex polytope.
1.2 Related work
We are not aware of any work that considers coloring of Delaunay-hyperedges or
t-tuples of vertices as defined in this paper. There is however vast literature on
coloring points with respect to Delaunay-hyperedges. Here we briefly describe
the results that are most relevant to our work.
As we mention above, it is known that we can properly 4-color the points
with respect to pseudo-disks since their Delaunay-graph is planar. On the other
hand, there is no constant m for which we can properly 2-color the points with
respect to (unit/pseudo-)disks containing at least m points [18,20]. It is an open
problem whether a proper 3-coloring is always possible for a large enough m for
(unit/pseudo-)disks [7,10].
Considering the family of axis-parallel rectangles, recall that the Delaunay-
graph in this case is not necessarily planar. Estimating the chromatic number
of the Delaunay-graph in this case is a famous open problem with a large gap
between the best known lower bound of Ω( lognlog logn ) [6] and the best known upper
bound of O(n0.368) [5] (where n is the size of S). There is however a proper
O(log n)-coloring with respect to rectangles that contain at least 3 points from
S [2].
There is a proper 2-coloring with respect to bottomless rectangles containing
4 points [7], and more generally, for bottomless rectangles containing 3k − 2
points there is a polychromatic k-coloring [3]. For halfplanes containing 3 points
there is a 2-coloring [7], and more generally, for halfplanes containing 2k − 1
points there is a polychromatic k-coloring [23]. We remark that it is an open
problem whether 2-colorability for some m implies polychromatic k-colorability
for some mk; see [19]. For more results, see the survey [19] or the webpage [11].
The geometric hypergraphs that we consider are usually called primal hy-
pergraphs. We briefly mention that one can define dual hypergraphs where the
vertices correspond to regions from F and the hyperedges correspond to points
of the plane. One can even generalize these notions further, in particular one can
define intersection hypergraphs where both the vertices and hyperedges corre-
spond to regions from F (or from two different families). All of these variants
have a vast literature with connections to the notions of cover-decomposability
and conflict-free coloring, that are not relevant to this work and hence are not
mentioned.
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2 Coloring Delaunay-edges
Let S be a finite set of points in the plane and let F be a family of regions.
Recall that G(S,F) is the Delaunay-hypergraph whose vertex set is S and whose
hyperedge set consists of all subsets S′ ⊆ S for which there exist a region F ∈ F
such that S′ = S ∩ F .
Definition 1. The Delaunay-edges of S with respect to F are all the hyperedges
of size two in G(S,F). The Delaunay-graph D(S,F) is the graph whose vertex
set is S and whose edge set consists of the Delaunay-edges of S with respect to
F .
Our goal is to find a coloring such that every region in F that contains
m = m(F) points from S contains two differently colored Delaunay-edges. The
families that we consider are psuedo-disks, axis-parallel rectangles, bottomless
rectangles and halfplanes.
2.1 Coloring Delaunay-edges with respect to pseudo-disks
We say that a family of pseudo-disks F is saturated with respect to a set of
points S, if there is no region R such that F ∪ {R} is a family of pseudo-disks
and G(S,F) 6= G(S,F ∪ {R}). Note that every family of pseudo-disks can be
extended greedily to a saturated family with respect to S.
2.1.1 The Delaunay-graph with respect to pseudo-disks
Let S be a set of points in the plane and let F be a family of regions. It is
well-known [14] that when F is the set of homothets of a convex shape (or any
other convex pseudo-disk family), then embedding the Delaunay-graph D(S,F)
such that every two adjacent points in S are connected by a straight-line seg-
ment results in a plane graph. For Delaunay-graphs with respect to (non-convex)
pseudo-disks this might not hold, but using the Hanani-Tutte theorem it is possi-
ble to show that the Delaunay-graph is always planar [4]. We need the following
stronger result, which is proved in a companion paper [12].
Theorem 5 ([12]). Given a finite pseudo-disk family F and a point set S, there
is a drawing of the Delaunay-graph D(S,F) such that every edge lies inside every
pseudo-disk that contains both of its endpoints and no two edges cross.
A useful ingredient of the proof of Theorem 5 is the following lemma of
Buzaglo et al. [4].
Lemma 1 ([4]). Let D0 and D1 be two pseudo-disks from a pseudo-disk family
and let γ0 and γ1 be two curves such that Di contains γi and does not contain
the endpoints of γ1−i, for i = 0, 1. Then γ0 and γ1 cross each other an even
number of times.
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We will use this lemma as well as the next one due to Pinchasi [22], whose
proof applies a result of Snoeyink and Hershberger [24].
Lemma 2 ([22]). Let B be a family of pairwise disjoint sets in the plane and
let F be a family of pseudo-disks. Let D be a member of F and suppose that D
intersects exactly k ≥ 2 members of B, one of which is B ∈ B. Then for every
integer 2 ≤ ` ≤ k there exists D′ ⊆ D such that D′ intersects B and exactly
`− 1 other sets from B, and F ∪ {D′} is a family of pseudo-disks.
Definition 2. We say that a family of regions F is shrinkable with respect to
S if for every region F ∈ F with |F ∩ S| ≥ 3 and every p ∈ F ∩ S there exists
another region F ′ ∈ F such that p ∈ F ′ ∩ S ⊂ F ∩ S and |F ′ ∩ S| = |F ∩ S| − 1.
By setting B to be S, Lemma 2 implies that a family of pseudo-disks which
is saturated with respect to S is also shrinkable with respect to S.
2.1.2 Coloring Delaunay-edges with respect to pseudo-disks
Let S be a finite set of points in the plane, let F be a family of pseudo-disks that
is shrinkable with respect to S. Theorem 1 states that it is possible to color the
edges of the Delaunay-graph D(S,F) with four colors, such that every pseudo-
disk F ∈ F that contains at least three points from S contains Delaunay-edges
of two different colors.
Proof of Theorem 1. Let D be a plane drawing of D(S,F) such that every
Delaunay-edge lies inside every pseudo-disk that contains its endpoints. By The-
orem 5 such a drawing exists.
Let J be a subgraph of the line graph of D(S,F) that is defined as follows.
The vertex set of J is the set of Delaunay-edges, and two Delaunay-edges e and
e′ are adjacent in J if they share an endpoint and there is a pseudo-disk F ∈ F
such that F ∩ S is exactly the three endpoints of e and e′.
Using D we draw J as follows (we do not distinguish between points and
edges and their embeddings). For every Delaunay-edge e we choose arbitrarily
a point pe in the interior of this edge. Suppose that e and e
′ are two Delaunay-
edges that are adjacent in J , and let q ∈ S be the common endpoint of e and e′.
Then the drawing of the edge {e, e′} of J consists of the segment of e between
pe and q and the segment of e
′ between q and pe′ .
Note that the drawing of J does not contain crossing edges, since D is a
plane graph. However, J contains several overlaps between the drawn edges.
Proposition 1. The graph J can be redrawn as a plane graph.
Proof. In order to remove overlaps between the edges we re-draw the edges with
the following procedure (see Figure 1 for an illustration).
First, we slightly inflate every edge and every point in S, such that every edge
has a very small width and every point q is replaced by a very small disk C(q).
Denote the neighbors of some point q by q1, . . . , q` in clockwise order around q.
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C(q)
p{q1,q}
p{q2,q}
p{q3,q}
p{q4,q}
p{q5,q}
Fig. 1: Drawing J in the proof of Theorem 1.
We choose ` points, called ports, on the intersection of the inflated edge {qi, q}
and C(q) for each i (so in total `2 ports). We denote the ports by qij , where the
ports qij (1 ≤ j ≤ `) are ordered in counter-clockwise order for every i. Every
edge {p{qi,q}, p{q,qj}} of J is drawn as follows: p{qi,q} is connected to qij with a
curve γij inside the inflated {qi, q}, then qij is connected to qji inside C(q) with
a straight-line segment, and finally qji is connected to p{qj ,q} with a curve γji
inside the inflated {qj , q}. Due to the ordering of the ports, it is easy to achieve
that for every i the curves γij do not cross inside the inflated {qi, q}. It is also
easy to achieve that these curves do not cross the curves that go towards qi from
pqiq (which correspond to the edges of the line graph between the edges incident
to qi). Also, due to the ordering of the ports, drawings of qiqj and qiqk (for any
i, j, k) do not intersect inside C(q).
We also need to show that no segments cross inside C(q). Suppose that
this is not the case and denote the endpoints of the respective edges (after a
suitable reindexing) by q1, q2, q3, q4. Let D and D
′ be the pseudo-disks in F
whose intersections with S is {q1, q, q3} and {q2, q, q4}, respectively. Since the
Delaunay-edges are drawn such that they are contained in every pseudo-disk
that contains their endpoints, it follows that our drawn curves lie inside D and
D′, respectively. Moreover, by Lemma 1 they must cross an even number of times.
Since the parts outside C(p) are disjoint, and inside C(p) the two segments can
cross at most once, we get a contradiction. Therefore, we have proved that with
this drawing J is a plane graph. 
Since J is a planar graph, it is 4-colorable. We use a 4-coloring of J to color
the Delaunay-edges of D. Now suppose that D ∈ F is a pseudo-disk that contains
at least three points. Since F is shrinkable, it follows that there is a pseudo-disk
D′ ∈ F that contains exactly three points from S ∩ F . Lemma 2 also implies
that each of the three points from S inside D′ is connected by a Delaunay-edge
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to one of the other two points. Therefore, D′ contains two Delaunay-edges that
share a common endpoint and thus are colored with different colors. 
Note that Theorem 1 implies the same for saturated pseudo-disk families as a
saturated family is always shrinkable. The following result concerning homothets
of a convex compact set is also implied by Theorem 1.
Let C be a convex compact set and let ∂C denote its boundary. We say that
a set of points S is in general position with respect to C, if there is no homothet
of C that contains more than three points of S on its boundary and no two
points in S define a line that is parallel to a line-segment which is contained in
∂C.
Corollary 1. Let C be a convex compact set and let S be a finite planar set
of points that is in general position with respect to C. Then it is possible to 4-
color the Delaunay-edges of S with respect to the family of homothets of C such
that every homothet of C that contains at least three points from S contains
Delaunay-edges of different colors.
Proof. Let F be a finite subfamily of the set of homothets of C such that if C ′ is
a homothet of C, then there is C ′′ ∈ F such that C ′′∩S = C ′∩S. One can show
along the lines of the proof of Lemma 2.3 in [1] that this subfamily is shrinkable
with respect to S.
We may assume that for every C1, C2 ∈ F the boundaries ∂C1 and ∂C2
intersect a finite number of times. Indeed, if there are overlaps between bound-
aries, then we can slightly inflate one of the homothets, say C1, without changing
C1 ∩ S since C1 is closed.
It follows from the next folklore lemma (see, e.g., [17, Corollary 2.1.2.2]),
that F is a family of pseudo-disks.
Lemma 3. Let C be a convex and compact set and let C1 and C2 be homothets
of C. Then if ∂C1 and ∂C2 intersect finitely many times, then they intersect in
at most two points.
Since F is also shrinkable, the corollary now follows from Theorem 1. 
2.2 Coloring Delaunay-edges with respect to halfplanes
Let S be a finite set of points in the plane and let F be the family of halfplanes.
Note that a halfplane may contain an arbitrary number of points from S while
containing only one Delaunay-edge of D(S,F), see Figure 2a for an example.
Therefore a claim along the lines of, e.g., Theorem 3 is impossible. Thus, The-
orem 2 states that the edges of the Delaunay-graph D(S,F) can be 2-colored
such that every halfplane that contains at least three Delaunay-edges contains
two differently colored edges..
Proof of Theorem 2. For simplicity we assume that the points are in general
position, as it is easy to modify the proof so that it works for points that are
not in general position.
Coloring Delaunay-Edges and their Generalizations 9
(a)
e1
e2 e3 e4
e5
e6
e7
ek
(b)
Fig. 2: (a) A halfplane may contain many points but only one Delaunay-edge.
(b) Coloring the Delaunay-edges.
Let S be a finite set of points in the plane and let F be the family of half-
planes. The convex hull of S, CH(S), is a convex polygon whose vertices are
points from S. Note that for each of the Delaunay-edges in the Delaunay-graph
D(S,F) at least one of the two endpoints is a vertex of CH(S). Thus, D(S,F)
consists of the sides of CH(S) and stars centered at each of the vertices of CH(S).
Starting from an arbitrary vertex of CH(S) we go over all the Delaunay-edges
adjacent to this vertex in a counter-clockwise order and color them alternatively
with red and blue. Then we move to the next vertex of CH(S) in a clockwise
order. Repeat the same process (the first edge adjacent to it is already colored),
and so on until all the edges are colored (see Figure 2b for an example).
Let e1, e2, . . . , ek be the Delaunay-edges listed in the order they were vis-
ited by the coloring algorithm. Note that every pair of consecutive edges are of
different colors, except perhaps e1 and ek which are of the same color if k is odd.
Proposition 2. If a halfplane H contains two Delaunay-edges ei and ej, i < j,
then H contains the edges ej+1, . . . , ek, e1, . . . , ei−1 or the edges ei+1, . . . , ej−1.
Proof. Suppose first that ei and ej share a vertex of CH(S) as an endpoint and
denote it by v. Assume without loss of generality that all the edges ei, . . . , ej are
incident to v and let v` denote the other endpoint of e`, ` = i, . . . , j. Assume
for contradiction that H does not contain e` for some i < ` < j. It follows
that v, vi, v`, vj are in convex position such that this is also their clockwise or
counter-clockwise order around their convex hull. However, then there cannot
be a halfplane that separates {v, v`} from {vi, vj} contradicting the fact that
{v, v`} is a Delaunay-edge.
Suppose now that ei and ej are disjoint and let u and u
′ be vertices of
CH(S) such that u is an endpoint of ei and u′ is an endpoint of ej . Let U be the
vertices of CH(S) in the clockwise order from u to u′, and assume without loss
of generality that H contains all of them (this can be assumed since if H does
not contain all of them, then it must contain all the vertices of CH(S) from u′
to u). We may also assume that ei+1, . . . , ej−1 are incident to the vertices in U .
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We claim that H must contain each of these edges. Indeed, suppose that H
does not contain e`, for some i < ` < j. If none of u and u
′ is an endpoint of e`,
then let u′′ ∈ U be one of its endpoints and let v` be its other endpoint. As in the
previous case, it follows that u, u′′, u′, v` are in convex position such that this is
also their clockwise order around their convex hull. However, then there cannot
be a halfplane that separates {u′′, v`} from {u, u′}. Finally, suppose that one
endpoint of e` is, without loss of generality, u and let v` be its other endpoint.
Denote also by vi the other endpoint of ei. Then, as before, it follows that
u, vi, v`, u
′′ are in convex position in this cyclic order. However, there should be
a halfplane that separates {u, v`} from the other two vertices which is impossible.

Suppose that H ∈ F is a halfplane that contains at least three Delaunay-
edges. Then it follows from Proposition 2 that H contains at least three consec-
utive Delaunay-edges and therefore it contains two edges of different colors.
To see that the constant three in the theorem is tight, note that when S is
a set of an odd number of points in convex position, then it is impossible to
2-color the Delaunay-edges of D(S,F) such that every halfplane that contains
two Delaunay-edges contains edges of both colors. 
2.3 Coloring Delaunay-edges with respect to bottomless rectangles
A bottomless rectangle is the set of points {(x, y) | a ≤ x ≤ b, y ≤ c} for some
numbers a, b, c such that a ≤ b. Let F be the set of bottomless rectangles and let
S be a finite set of points in the plane. As in the previous section, we may assume
that no two points in S share the same x- or y-coordinates. It is known [7] that
it is possible to color the points in S with two colors such that every bottomless
rectangle that contains at least four points from S contains two points of different
colors. This easily implies that the Delaunay-edges of D(S,F) can be colored
with two colors such that every bottomless rectangle that contains at least five
points from S contains two Delaunay-edges of different colors. Indeed, color first
the points of S such that every bottomless rectangle that contains four points
from S is non-monochromatic. Then color every Delaunay-edge with the color
of its leftmost endpoint. Suppose that R ∈ F contains at least five points from
S and let pi be the ith point in R ∩ S from left to right. There is a bottomless
rectangle R′ such that R′∩S = {p1, p2, p3, p4}, therefore there are two differently
colored points among these points. Since {pi, pi+1} is a Delaunay-edge for every
i, it follows that R contains two Delaunay-edges of different colors.
Next we prove Theorem 3. Namely, that containing four points from S suffices
for a bottomless rectangle to contain Delaunay-edges of different colors and this
is tight. The proof is similar to proof of the aforementioned statement in [7].
Proof of Theorem 3. We add the points in S one-by-one from bottom to top.
Note that any Delaunay-edge that is introduced when a point is added, remains
a Delaunay-edge when adding the remaining points.
At any moment call an edge neighborly if it connects points that are next
to each other in the horizontal order of points. Denote the points added so far
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by their order from left to right, p1, p2, . . . , pk, and let pi be the last point to
be added. Thus, the neighborly edges are {pj , pj+1}, for j = 1, . . . , k − 1. We
maintain the invariant that there are no three consecutive neighborly edges of
the same color. This is trivial to obtain for k ≤ 3, so assume that k ≥ 4. When
pi is added, it introduces either one (if i = 1 or i = k) or two new neighborly
edges (and causes an existing edge to cease being a neighborly edge). In the
first case we color the new edge with a color that is different from the color of
the single neighborly edge that shares an endpoint with the new edge. In the
second case, if i = 2 (resp., i = k − 1), then we color the new edges {p1, p2}
and {p2, p3} (resp., {pk−2, pk−1} and {pk−1, pk}) with a color that is different
from the color of {p3, p4} (resp., {pk−3, pk−2}). When 2 < i < k − 1 there are
two cases to consider: If {pi−2, pi−1} and {pi+1, pi+2} are of the same color,
then we color the new edges {pi−1, pi} and {pi, pi+1} with the opposite color.
Otherwise, if {pi−2, pi−1} and {pi+1, pi+2} are of different colors, then {pi−1, pi}
is colored with the color of {pi+1, pi+2} and {pi, pi+1} is colored with the color
of {pi−2, pi−1}. It is easy to verify that the invariant that there are no three
consecutive neighborly edges of the same color is maintained in all cases.
Suppose now that R is a bottomless rectangle that contains at least four
points. When the topmost point from S ∩ R was added, then all the points
in S ∩ R formed |S ∩ R| − 1 ≥ 3 consecutive neighborly edges. Therefore, not
all of these edges are of the same color. Since these edges remain Delaunay-
edges (perhaps non-neighborly) when the remaining points are added, R contains
Delaunay-edges of both colors.
To see that it is not enough to consider bottomless rectangles that contain
three points from S, consider the point set in Figure 3 and assume it is colored
as required. Assume without loss of generality that {p1, p2} is red. Then {p2, p3}
p1
p2
p4
p5
p3
Fig. 3: Considering bottomless rectangles containing three points is not enough.
and {p2, p4} must be both blue. This implies that {p4, p5} must be red, and
so {p3, p4} must be blue. Therefore, all the Delaunay-edges in the bottomless
rectangle that contains p2, p3 and p4 are blue, a contradiction. 
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2.4 Coloring Delaunay-edges with respect to axis-parallel rectangles
For a partially ordered set P = (X,≤) we say that x ∈ X is an immediate
predecessor of y ∈ X if x < y and there is no z ∈ X such that x < y < z (where
x < y means that x ≤ y and x 6= y). The directed Hasse diagram of P is the
directed graph (X, {(x, y) | x is an immediate predecessor of y}). The following
is easy to prove.
Lemma 4. Let P = (X,≤) be a partially ordered set such that X is finite. Then
it is possible to color the edges of the directed Hasse diagram of P with dlog2 |X|e
colors such that there is no monochromatic path of length two.
Proof. Denote n = |X|. It is enough to prove the lemma for n = 2k, k ∈ N. We
prove by induction on k. For k = 0 the lemma holds. Let P = (X,≤) be a poset
where |X| = n = 2k and k > 0. Let P ∗ = (X,≤∗) be a linear extension of P and
let x1 ≤∗ x2 ≤∗ . . . ≤∗ xn be the elements of X ordered according to P ∗. Set
P1 = (X1 = {x1, . . . , xn/2},≤) and P2 = (X2 = {xn/2+1, . . . , xn},≤). By the
induction hypothesis the edge set of each of the directed Hasse diagrams of P1
and P2 can be colored with (the same set of) k − 1 colors such that there is no
monochromatic path of length two.
By using the same coloring for the edges of the directed Hasse diagram of P
and introducing a new color for the edges {(x, y) | x ∈ X1, y ∈ X2} we obtain
the required coloring. 
Remark. The number of colors in Lemma 4 cannot be an absolute constant. In
fact, for any integer d > 0 there is no integer c = c(d) such that it is possible to
color the edges of the directed Hasse diagram of any finite poset with c colors
such that there is no monochromatic path of length d. To see this, observe that
if such an integer would exist, then it would be possible to properly color the
vertices of the Hasse diagram of any poset P with O(1) colors which is known
to be false [6,13]. Indeed, it is easy to verify that by assigning each vertex v the
color (c′, d′) where d′ is the length of the longest monochromatic path ending
at v (in the directed Hasse diagram of P ) and c′ is the color of that path one
obtains a proper coloring with O(1) colors.
Corollary 2. Let S be a finite set of n points in the plane and let F be the
family of axis-parallel rectangles. Then it is possible to color the edges of the
(non-planar) Delaunay-graph D(S,F) with O(log n) colors such that every axis-
parallel rectangle that contains at least three points from S contains Delaunay-
edges of different colors.
Proof. We may assume without loss of generality that no two points in S share
the same x- or y-coordinates.1 Indeed, this can be obtained by a mapping
1Note that we cannot just take an arbitrary perturbation, as we did for points. For
example, if we have 3 collinear points inside a rectangle (thus two Delaunay-edges) we
might introduce a new Delaunay-edge with an arbitrary perturbation.
Coloring Delaunay-Edges and their Generalizations 13
(x, y) 7→ (x+εy, y+εx) for a very small ε (that depends on S) without changing
the hyperedges of G(S,F).
Orient every edge of D(S,F) from left to right. Let P1 = (S,≺1) where
(x, y) ≺1 (x′, y′) if x < x′ and y < y′. Let P2 = (S,≺2) where (x, y) ≺2 (x′, y′) if
x < x′ and y > y′. Note that the edge set of the oriented Delaunay-graph is the
union of the (disjoint) edge sets of the directed Hasse diagrams of P1 and P2.
Therefore, it follows from Lemma 4 that we can color these edges with 2dlog2 ne
colors such that there is no monochromatic path of length two.
Let R′ ∈ F be an axis-parallel rectangle that contains at least three points
from S and let p1, p2, p3 be the leftmost points in R
′, ordered from left to right.
Then (p1, p2) and (p2, p3) are edges in the oriented Delaunay-graph D(S,F).
If they belong to different Hasse diagrams, then they are of different colors.
Otherwise, if they belong to the same Hasse diagram, then they are of different
colors since they form a path of length two. 
3 Coloring all t-tuples of abstract hypergraphs
Henceforth we consider colorings of all the (unordered) t-tuples of points. In
this section we show some general results that do not rely on geometry assump-
tions. First, intuitively, as the number of all t-tuples increases considerably by
increasing t, the coloring problem should become easier or at least not become
(significantly) harder. The next claim confirms this intuition in the following
sense: proper k-colorability of t-tuples implies proper 2-colorability of t′-tuples
for t′ > t (while the corresponding m might increase).
Proposition 3. Let G be a hypergraph and suppose that for some positive in-
tegers t, k and m the t-tuples of the vertices of G can be k-colored such that
every hyperedge that contains at least m vertices contains two differently colored
t-tuples. Then for every integer t′ > t there exists an integer m′ = m′(t′) such
that the t′-tuples of the vertices of G can be 2-colored such that every hyperedge
that contains at least m′ vertices contains two differently colored t′-tuples.
Proof of Proposition 3. We construct a coloring c′ of t′-tuples from the coloring
c of t-tuples. The color of a t′-tuple T is red if every t-tuple of the vertices of T
is colored with the same color by c, and blue otherwise. By Ramsey’s Theorem
(for hypergraphs) we can choose m′ ≥ m such that in any coloring of all t-tuples
of a set of size m′ there is a monochromatic t′-tuple, i.e., whose every subset of
size t got the same color. This way in c′ every set of size at least m′ (and so also
every hyperedge of size at least m′) contains a red t′-tuple. Also, in the coloring
c every hyperedge in G of size m ≤ m′ was not monochromatic, thus such a
hyperedge also contains a blue t′-tuple. 
One can of course can get better bounds on m′ if we construct a coloring more
carefully instead of using Ramsey’s theorem. The following is such a claim for
t = 1 about polychromatic k-colorability. We denote by [n] the set {1, 2, . . . , n}
and by
(
A
k
)
the k-element subsets of a set A.
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Proposition 4. Let G = (V,E) be a hypergraph and let k and m be integers
such that the vertices of G can be k-colored such that every hyperedge of G that
contains at least m vertices contains a vertex of each of the k colors. Then for
every integer t′ > 1 there are integers k′ = k′(k, t′) and m′ = m′(m, k, t′) such
that there exists a k′-coloring of the t′-tuples of the vertices of G such that every
hyperedge of G that contains at least m′ vertices contains a t′-tuple of each of
the k′ colors. In particular, the above holds for k′ =
(
k
t′
)
+
∑t′−2
i=0
(
k−1
i
)
and
m′ = max{m, k(t′ − 1) + 1} (note that k′ ≥ k and if t′ > k then k′ = 2k−1).
Proof. Let c : V → [k] be a k-coloring of the vertices of G as above, and set
k′ =
(
k
t′
)
+
∑t′−2
i=0
(
k−1
i
)
. We will construct a k′-coloring c′ of the t′-tuples of
vertices of G such that c′ is a mapping to the union of the t′-element subsets
of [k] and the i-element subsets of [k − 1], for i = 0, . . . , t′ − 2. Thus, there are
indeed k′ colors. The color of each t′-tuple T will be determined by the multiset
of the colors of its vertices, c(T ) := {c(v) | v ∈ T}, as follows:
– If no color appears twice in c(T ) (only possible if t′ ≤ k), then c′(T ) is the
t′-element subset of [k] defined by those colors, i.e., c′(T ) = c(T ).
– If exactly one color (say, r) appears at least twice in c(T ) and each of the
other i colors in c(T ) appears once, then c′(T ) will be an i-element subset
of [k− 1], determined as follows. Define a bijection ϕr between [k] \ {r} and
[k − 1] such that ϕr(j) = j − r for r + 1 ≤ j ≤ k and ϕr(j) = j − r + k for
1 ≤ j ≤ r − 1. Then c′(T ) = {ϕr(c(v)) | v ∈ T, c(v) 6= r}.
– Otherwise, define c′(T ) arbitrarily.
Now we need to show that all k′ colors appear in a hyperedge e of size
m′ = max{m, k(t′ − 1) + 1}. Note that among the vertices of e we have all k
colors from [k] since m′ ≥ m. Let U = {v1, v2, . . . , vk} ⊆ e be a set of vertices
such that c(vi) = i. If t
′ ≤ k, then the (kt′) t′-tuples of vertices from U are colored
by all colors in
(
[k]
t′
)
.
Now let A be an i-element subset of [k − 1], for some 0 ≤ i ≤ t′ − 2. By the
pigeonhole principle there is a subset U ′ ⊆ e of t′ vertices that are colored by
the same color r ∈ [k]. Suppose that T is a t′-tuple that consists of t′ − i ≥ 2
vertices from U ′ and every vertex vj ∈ U such that ϕr(j) ∈ A. Since ϕr is a
bijection there are i such vertices and it follows that c′(T ) = A. 
Surprisingly, such simple arguments fail for t ≥ 2. Below we give an example
for t = 2, t′ = 3 and k = 3.
Suppose we are given a 3-coloring of every pair of the vertex set of a hyper-
graph G such that every hyperedge that contains at least m vertices contains a
pair of each of the 3 colors, and we want to construct a 3-coloring of the triples
of vertices with the same property (possibly for a larger m′). We show that this
is not possible if the color of each triple depends only on the colors of the three
pairs in it:
Proposition 5. There is no mapping cˆ from the 3-element multisets of [3] to [3]
such that the following holds for some m′(m). For every hypergraph G = (V,E)
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if c :
(
V
2
) → [3] is a 3-coloring of the pairs of vertices of G such that every
hyperedge that contains at least m vertices contains pairs of all three colors, then
c and cˆ defines a 3-coloring c′ :
(
V
3
)→ [3] of the triples of vertices of G such that
every hyperedge that contains at least m′(m) vertices contains triples of all three
colors (where c′({x, y, z}) = cˆ({c({x, y}), c({x, z}), c({y, z})}) for every triple of
vertices {x, y, z}).
Proof. Suppose for contradiction that cˆ and m′ as above exist. Note that there
are ten 3-element multisets of [3], that is, there are ten possible colorings of the
three pairs of a triple by 3-colors: {1, 1, 1}, {1, 1, 2}, {1, 1, 3}, {2, 2, 1}, {2, 2, 2},
{2, 2, 3}, {3, 3, 1}, {3, 3, 2}, {3, 3, 3} and {1, 2, 3}.
Let G1 = (V1, E1) be a hypergraph such that |V1| = max{m,m′(m)} and let
P1 ⊆
(
V1
2
)
and P2 ⊆
(
V1
2
)
be two sets of pairs of vertices, such that no vertex
belongs to two pairs in P1 ∪ P2. Let E1 consists of the hyperedge V1 (all the
vertices) and all the subsets of V1 of size max{m, 4} that contain a pair from P1
and a pair from P2.
Suppose that c1 is a 3-coloring of the pairs in
(
V1
2
)
such that the color of
every pair in Pi is i, for i = 1, 2, and the color of every other pair is 3. Then
clearly every hyperedge of size at least m contains a pair of each of the colors.
Note that the colors of the three pairs defined by a triple of vertices is either
{3, 3, 1}, {3, 3, 2} or {3, 3, 3}. Consider the coloring of the triples as defined by
c1 and cˆ. Since the hyperedge V1 must contain a triple of every color, it follows
that cˆ maps each of the above 3-multisets of colors to a different color.
Suppose now that G2 = (V2, E2) is a hypergraph such that |V2| = 2 ·
max{m,m′(m)} and let A = {a1, a2, . . . , a|V2|/2} and B = {b1, b2, . . . , b|V2|/2}
be two disjoint subsets of vertices. Let E2 consists of the hyperedge V2 (all the
vertices) and all the hyperedges A∪{bi} and B ∪{ai}, for some i. Let P1 be the
pairs of vertices of the form {ai, aj} or {bi, bj} (for i 6= j), Let P2 be the pairs
of vertices of the form {ai, bi}, and let P3 be the (remaining) pairs of vertices of
the form {ai, bj} (for i 6= j).
Suppose that c2 is a 3-coloring of the pairs in
(
V2
2
)
such that the color of
every pair in Pi is i, for i = 1, 2, 3. Then clearly every hyperedge of size at least
m contains a pair of each of the colors. Note that the colors of the three pairs
defined by a triple of vertices is either {1, 1, 1}, {1, 2, 3} or {3, 3, 1}. Consider
the coloring of the triples as defined by c2 and cˆ. Since the hyperedge V2 must
contain a triple of every color, it follows that cˆ maps each of the above 3-multisets
of colors to a different color. Therefore, {1, 2, 3} is mapped to a color different
from the colors of {1, 1, 1} and {3, 3, 1}. Similarly, if we color the pairs in P1
with 2, the pairs in P2 with 1 and the pairs in P3 with 3, then we conclude that
cˆ maps {1, 2, 3} to a color different from the colors of {2, 2, 2} and {3, 3, 2}. And
if we color the pairs in P1 with 3, the pairs in P2 with 2 and the pairs in P3 with
1, then we conclude that cˆ maps {1, 2, 3} to a color different from the colors of
{3, 3, 3} and {1, 1, 3}. Thus, according to cˆ the color of {1, 2, 3} is different from
the colors of {3, 3, 1}, {3, 3, 2} and {3, 3, 3}. However, we observed before that cˆ
maps these three 3-multisets of colors to different colors, a contradiction. 
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It is possible to change the constructions in the proof of Proposition 5 such
that every hyperedge that contains at least m vertices contains many pairs of
each of the colors, so even such an assumption is not strong enough to guarantee
a coloring for triples. One might try to get a k-coloring of t′-tuples from stronger
conditions on the coloring of the t-tuples, however, we do not further study this
question.
4 Coloring all t-tuples of geometric hypergraphs
In this section we consider mainly three (closely related) types of families of
geometric regions, H-regions, homothets of a convex polytope and axis-parallel
boxes.
Given F and S, we want to color all t-tuples of S such that no member of F
that has many points of S is monochromatic, i.e., it contains two t-tuples that
are colored with different colors.
Definition 3. Given a finite family of halfspaces H = {H1, . . . ,Hh} we call a
region R an H-region if it is the intersection of finitely many halfspaces, such
that each of them is a translate of one of the halfspaces in H.
Note that every such region R can be expressed as an intersection of at most h
halfplanes (at most one translate of each Hi).
Throughout this section we assume, without loss of generality, that any given
point set S is in general position in the sense that there are no two points in S
that are contained in ∂Hi for some Hi ∈ H, where ∂Hi denotes the hyperplane
that bounds the halfspace Hi. Indeed, otherwise after a small perturbation of
the points of S for every subset S′ ⊆ S that is the intersection of S and some
H-region, the perturbed subset S′ is still the intersection of (the perturbed) S
and some (possibly different) H-region.
As mentioned in the Introduction, the requirement that t ≥ 2 in Theorem 4
is essential. Indeed, Chen et al. [6] proved that there is no absolute constant m
with the property that every set of points S in the plane can be 2-colored such
that every axis-parallel rectangle that contains at least m points from S contains
points of both colors. Note that axis-parallel rectangles can be defined as the
H-regions of four halfplanes. Several other constructions about polychromatic
colorings/cover-decomposition can also be realized as the H-regions of four half-
planes; see [20,21]. If there are only three halfspaces inH ⊂ R3 that are in general
position, then after an affine transformation the problem becomes equivalent to
coloring points with respect to octants (non-general position and different dimen-
sion can only make the problem easier). For this case, it was shown in [8] that
m(1, k, 3) exists for every k (which implies the same for m(1, k, 2) and m(1, k, 1)
although these can be shown directly as well).
Note that a homothet of a convex polytope P is a H-region when H is the
family of all the supporting halfspaces of P . Thus Theorem 4 implies:
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Theorem 6. For every dimension d, integers t ≥ 2, k ≥ 1 and a convex polytope
P in Rd there exists an integer m = m(t, k, P ) with the following property: the t-
tuples of every finite point set S in Rd can be k-colored such that every homothet
of P that contains at least m points from S contains a t-tuple of points of each
of the k colors.
As mentioned above, it is impossible to 2-color points (that is, the case t = 1)
with respect to H-regions in the plane such that every region that contains a
constant number of points (for some absolute constant) contains a point of each
color. However, for homothets of a convex polygon it might be possible. The
following is an equivalent restatement (by the self-coverability of convex polygons
[9]) of a conjecture that first appeared in [1].
Conjecture 1. For every convex polygon C and a positive integer k there exists
an integer m = m(k,C) with the following property: the points of every finite
point set S in the plane can be k-colored such that every homothet of C that
contains at least m points from S contains a point of each of the k colors.
We note that Theorem 6 for d = 2 would be implied by Conjecture 1 using
Theorem 7 (see below), however, Conjecture 1 was verified only for triangles [15]
and parallelograms [1]. Recently, a relaxation of this conjecture was proved in
[10], namely, that it is possible to 3-color the points such that each homothet
with enough points contains points of at least two colors. The conjecture fails in
d ≥ 3 for every polytope [21].
We have seen that for general hypergraphs we could not show that polychro-
matic colorability of t-tuples implies the same for t′-tuples, t′ > t. On the other
hand we give a simple argument proving this for H-regions. This argument can
also be adopted to work for most geometric families.
Theorem 7. Given a family of h halfspaces H in Rd and a positive integer k,
suppose that for some positive integer t there exists an integer m = m(t, k,H)
with the following property: the t-tuples of every finite point set S in the plane
can be k-colored such that every H-region that contains at least m points from
S contains a t-tuple of each of the k colors. Then the same property holds when
exchanging t with an integer t′ > t and m with m′ = m+ t′ − t.
Proof. Let H be a halfspace in H and let H ′ be a translate of H that contains
all the points in S. We fix an order of the points in S in decreasing order of their
distance from ∂H ′ (recall that the points are in general position and therefore
no two points can be at the same distance). Consider a coloring of the t-tuples
having the property assumed by the theorem and let T = {p1, p2, . . . , pt, . . . , pt′}
be a t′-tuple of points, where the points are listed according to the determined
order (that is, p1 is the farthest from ∂H
′ and so on). Set the color of T to be
the color of the t-tuple {p1, p2, . . . , pt}.
Let m = m(t, k,H) and m′ = m+ t′ − t and suppose that R is an H-region
that contains at least m′ points from S, denote them by p1, p2, . . . , p` accord-
ing to their order. Since S is in general position, it is possible to continuously
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translate H ′ such that it is still a translate of H, and obtain a translate H ′′
of H such that H ′′ ∩ (R ∩ S) = {p1, p2, . . . , p`−(t′−t)}. Note that H ′′ ∩ R is an
H-region that contains at least m points and therefore for each of the k colors
it contains a t-tuple of that color. Let {q1, q2, . . . , qt} be such a t-tuple. Then
{q1, q2, . . . , qt, p`−(t′−t)+1, . . . , p`} is a t′-tuple of the same color that is contained
in R. Therefore, R contains a t′-tuple of each of the k colors. 
Remark. Note that in the above proof we have only used that the points of S
can be ordered as s1, . . . , s|S| such that if {si1 , . . . , sim} = S∩F for some F ∈ F ,
then also {si1 , . . . , sim−1} = S ∩ F ′ for some F ′ ∈ F . This implies that similar
arguments work not only for H-regions but for other families as well, especially
if we do not insist on m′ = m+ t′ − t.
In order to prove Theorem 4, we reduce the problem of coloring with respect
to H-regions to coloring with respect to axis-parallel boxes (which are possibly
higher dimensional). Note that axis-parallel boxes are also H-regions.
For a point p ∈ Rd we denote by (p)i the ith coordinate of p. An axis-parallel
d-dimensional (closed) halfspace is a halfspace of the form {p | (p)i ≤ β} or
{p | (p)i ≥ β} for some 1 ≤ i ≤ d and a number β. A d-dimensional box is the
intersection of d-dimensional axis-parallel halfspaces. Theorem 4 follows from
the next result.
Theorem 8. For every integer t ≥ 2 and positive integers d, k there exists an
integer m = m(t, k, d) ≤ k2d−1 + t − 1 with the following property: the t-tuples
of every finite point set S in the d-dimensional space can be k-colored such that
every axis-parallel box that contains at least mk points contains t-tuples of points
colored with each of the k colors.
Before proving Theorem 8 we show how Theorem 8 implies Theorem 4.
Proof of Theorem 4 using Theorem 8. Let H = {H1, . . . ,Hh} be a set of halfs-
paces in Rd such that Hi = {x : Ai · x ≤ 0}, where x = (x1, x2, . . . , xd) and
Ai = (αi,1, αi,2, . . . αi,d) for i = 1, . . . , h.
Let f : Rd → Rh be a mapping such that f(x) = (A1 ·x, . . . ,Ah ·x). Suppose
that p is a point in Rd and H = Ai · x ≤ β is the translate of some halfspace
Hi ∈ H. Then clearly p ∈ H if and only if (f(p))i ≤ β.
Let S be a set of points in Rd and let R be anH-region that is the intersection
of halfspaces Hi1 , . . . ,Hi` such that ij ∈ {1, 2, .., h} and Hij = Aij · x ≤ βj , for
j = 1, . . . , `. It follows that the points of S that belong to R are exactly the points
whose images under f belong to the intersection of the set of h-dimensional axis-
parallel halfspaces (x)ij ≤ βj , for j = 1, . . . , `.
Since the intersection of h-dimensional axis-parallel halfspaces is a h-dimen-
sional axis-parallel box, this completes the reduction from coloring with re-
spect to d-dimensional H-regions to coloring with respect to h-dimensional axis-
parallel boxes. From Theorem 8 we get that m(t, k, h) = k2
h−1
+t−1 is a suitable
choice. 
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It remains to prove Theorem 8. The following result of Loh [16] will be
useful. It is a simple application of a classic result known as the Gallai-Hasse-
Roy-Vitaver theorem, but can also be proved by a simple application of the
pigeonhole principle. Recall that a tournament is a complete oriented graph
(between every pair of vertices there is exactly one directed edge).
Theorem 9. [16] For all positive integers c and n, every c-coloring of the edges
of every n-vertex tournament contains a monochromatic path with at least n1/c
vertices.
The following notation will also be used in the proof of Theorem 8 and later
on. For two points p,q ∈ Rd, we denote by box(p,q) the smallest axis-parallel
box that contains p and q. The directed type of a vector is the sequence of signs
of its coordinates. For example, the directed type of v = (2, 1,−3) is (+,+,−).
Proof of Theorem 8. It follows from Theorem 7 that it is enough to consider the
case t = 2. That is, given a set of points S in Rd, we wish to color the edges of
the complete graph on S, such that every box that contains enough points from
S, contains an edge of each of the k colors.
Every pair of points p and q yields two vectors p → q and q → p with
opposite directed types. Among these two vectors pick the one whose first sign
is a +, and assign its direction and type to the edge {p,q}. Denote by G the
tournament we obtain by orienting every edge this way (that is, for every edge
{p,q}, we direct it from p to q if and only if (p)1 < (q)1.)
Suppose that {p,q} is a pair such that (p,q) is an edge (with this direction)
in G. Then the color of this pair and also of the edge (p,q), is the minimum of
k and the length of the longest path from p to q in G such that all the edges
along this path have the same type as (p,q) (we call such a path a monotone
path).
Suppose that {p,q} gets color i and consider a monotone path of length
i from p to q in G (assuming that (p,q) is the edge in G). Then for every
1 ≤ j ≤ i, if r is the point at distance j from p on this path, then the edge
{p, r} must get color j. Observe also that all of these edges are in box(p,q).
This implies that if a box contains an edge with color i, then it contains an edge
with color j for every 1 ≤ j ≤ i.
Thus, it remains to prove that if a box contains at least k2
d−1
+1 points, then
it contains an edge of color k. Since there are 2d−1 different types of directed
edges and hence edge colors in G, it follows from Theorem 9 that G contains a
monochromatic directed path on k+1 vertices. This is by definition a monotone
path of length k between its two endpoints, thus the edge between these two
endpoints must get color k, as required. 
In general the integer m that we get from the proof of Theorem 8 is surely
not the best possible. It follows from Theorem 7 that an upper bound for t = 2
yields a very similar upper bound for any larger t. Therefore, we may focus on
coloring pairs of points. For the most natural case of axis-parallel rectangles in
the plane and coloring pairs of points with two colors (that is, k = t = d = 2)
we determine the optimal upper bound:
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Theorem 10. The pairs of every finite point set S in the plane can be 2-colored
such that every axis-parallel rectangle that contains at least 3 points contains
pairs of points colored with both colors.
Proof. As in the proof of Theorem 8, for every pair of points p and q, among the
two vectors p→ q and q→ p we pick the one whose first sign is a +, and assign
its type to the edge {p,q}. Thus, in the plane there are two types of edges: those
with the sign sequence (+,+) (i.e., the points are in NE/SW position) and those
with the sign sequence (+,−) (i.e., the points are in SE/NW position). We color
the pairs of points as follows: color a pair {p,q} red (resp., blue) if (1) p and q
are in NE/SW (resp., SE/NW) position and |box(p,q) ∩ S| = 2; or (2) p and q
are in SE/NW (resp., NE/SW) position and |box(p,q) ∩ S| > 2.
It is enough to consider an axis-parallel rectangle R such that |R ∩ S| = 3.
Let x,y, z be the points from S in R, ordered by their x-coordinates. If y ∈
box(x, z), then the edges {x, z} and {x,y} are of different colors. Otherwise,
if y /∈ box(x, z), then the edges {x,y} and {y, z} are of different colors. This
concludes the proof of the theorem. 
Clearly, the value 3 in Theorem 10 is optimal, since if a rectangle contains
only 2 points, then it contains only one pair of points, so it is impossible that it
contains pairs of both colors.
5 A common generalization
One can define a very general notion that contains all the problems considered
(including the ones mentioned in the Discussion), namely, coloring the hyperedges
of a hypergraph with respect to another hypergraph and a given relation. That
is, given a vertex set V , two hypergraphs H1 and H2 on this vertex set, and a
relation R (e.g., intersection, containment, reverse containment), we define the
hypergraphH(H1,H2, R) as follows. Its vertex set is the hyperedge set ofH1 and
for every hyperedge H2 in H2 it has a hyperedge which contains exactly those
hyperedges of H1 which are in relation R with H2. Now a (proper) coloring of
the hyperedges of H1 with respect to H2 and R means to color the vertices of
H(H1,H2, R) (that is, the hyperedges of H1) such that every (large enough)
hyperedge of H(H1,H2, R) (defined by some H2 ∈ H2) is not monochromatic.
We conclude by saying how all the previous problems are special cases of this
very general definition. For geometric problems the vertex set is always a finite
point set S and we are given a family of regions F . We say that a hyperedge is
defined by some region if it is the intersection of the region with S.
For the point coloring problem H1 consists of the one-element hyperedges
while H2 consists of the hyperedges defined by the regions, while R is the con-
tainment relation. For the dual problem of coloring regions, H2 consists of the
one-element hyperedges while H1 consists of the hyperedges defined by the re-
gions, while R is the reverse containment relation. For the intersection hyper-
graph coloring problem H1 = H2 consists of the hyperedges defined by the
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regions and R is the intersection relation. Considering the problem of coloring
all t-tuples with respect to some regions, H1 consists of all t-tuples, H2 consists
of the hyperedges defined by the regions (and R is the containment relation). For
t-tuples that are themselves hyperedges H2 consists of the hyperedges defined
by the regions and H1 consists of the hyperedges of H2 of size t (and R is the
containment relation). Note that the respective hypergraph coloring problems
are also special cases, where instead of hyperedges defined by some region we
have hyperedges of some given hypergraph H.
6 Discussion
We have introduced the notion of coloring t-tuples of vertices of a (geometric)
hypergraph such that every hyperedge with enough vertices contains t-tuples
of different colors (or all colors). This generalizes the well-studied problem of
coloring the vertices. An interesting variant that we focused on is coloring of
Delaunay-edges. Perhaps the most interesting problem that we leave open is
whether there is a constant k such that it is possible to k-color the edges of the
Delaunay-graph of a finite point set in the plane with respect to axis-parallel
rectangles such that every rectangle that contains m = m(k) points from the
point set contains points of different colors.
For coloring with respect to pseudo-disk we have shown that four colors
suffice. It would be interesting to determine whether three or two colors are
enough. It would also be interesting to establish more connections between
vertex-coloring and edge-coloring, and, in general, to show that a coloring for
t-tuple implies a coloring for t′-tuples, for t′ > t, as we have shown for coloring
of all t-tuples.
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